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Abstract
Using a macroscopic approach, we studied theoretically the heat generation due to spin transport in a typical spin valve with
nonmagnetic spacer layer of finite thickness. Our analysis shows that the spin-dependent heat generation can also be caused by
another mechanism, the spin-conserving scattering in the presence of spin accumulation gradient, in addition to the well-known
spin-flip scattering. The two mechanisms have equal contributions in semi-infinite layers, such as the ferromagnetic layers of the
spin valve. However, in the nonmagnetic layer of a thickness much smaller than its spin-diffusion length, the spin-dependent heat
generation is dominated by the spin-flip scattering in the antiparallel configuration, and by the spin-conserving scattering in the
parallel configuration. We also proved that the spin-dependent heat generation cannot be interpreted as the Joule heating of the
spin-coupled interface resistance in each individual layer. An effective resistance is proposed as an alternative so that the heat
generation can still be described simply by applying Joule’s law to an equivalent circuit.
Keywords: spin valve, heat generation, spin-flip scattering, spin-conserving scattering, spin-coupled interface resistance
1. Introduction
Heat generation is a serious issue even for spintronic de-
vices. [1, 2, 3] For example, large current is usually required for
the operation of a spin-transfer-torque magnetic random-access
memory. [4] The reduction of the working current and the asso-
ciated heating is still a challenging problem. Moreover, heating
in spintronic devices leads to temperature gradient, which may
inversely have remarkable influence on the spin transport via
the spin-dependent Seebeck effect. [5]
Recent theoretical investigations have shown that there is still
dissipation even if a pure spin current is present. [6, 7, 8, 9, 10]
Meanwhile, experimental studies have also demonstrated vari-
ous spin-dependent heating effects. [11, 12, 13, 14, 15, 16] It
has been well established that heat generation in spintronic de-
vices is dependent on the spin accumulation and spin current
in comparison to that in conventional electronic devices. How-
ever, previous works did not pay much attention to the distinc-
tions and characteristics of the various mechanisms causing the
heat generation, especially the one due to the spin-conserving
scattering. This mechanism can also lead to spin-dependent
heat generation when electrons flow to positions with lower
chemical potential without spin flip. We will show that this
mechanism can be identified if the equation of the heat gener-
ation is written in a more appropriate form, in which all terms
are exactly the products of current-force pairs. Unfortunately,
not all of the current-force pairs are correctly chosen in the pre-
vious papers. Furthermore, it is worthwhile to investigate in
depth the relative magnitude of heat generation due to spin-
conserving and spin-flip scattering, especially in a layer with
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finite thickness, such as the nonmagnetic (NM) spacer layer in
a spin valve. The variation of heat production with the thickness
of the NM layer is also an important problem.
From a macroscopic viewpoint, Ref. [6] also showed that
Joule heating of the spin-coupled interface resistance (rSI) is
equal to the additional heat generation due to spin transport in
a spin valve without a NM spacer layer. It is necessary to study
whether this conclusion holds generally for spin valves with
NM spacer layers of finite thickness. This question is closely
related to the nonlocal character of the heat generation, which
is similar to the situation of spin pumping discussed in Ref. [9].
It is well-known that the NM layer in a spin valve has no con-
tribution to the spin-coupled interface resistance because of the
absence of the extra field. [17, 18] However, the NM layer con-
tributes to the additional heat generation due to spin transport.
Thus the heat generation does not obey Joule’s law in each in-
dividual layer, although it does throughout the whole structure.
This character needs to be interpreted properly. In view of these
open questions, we studied analytically the heat generation due
to spin transport in a spin valve using a macroscopic approach
based on the Boltzmann equation. [6]
This paper is organized as follows. In Sec. 2, we derive the
basic equations for the heat generation in magnetic multilayers
and find the general relation between the spin-dependent heat
generation and the spin-coupled interface resistance. Then the
basic equations are applied to a spin valve in Sec. 3. We also
compare the contribution from the spin-conserving and spin-
flip scattering. In Sec.4, we discuss in depth the validity of
the spin-coupled interface resistance and introduce the effective
resistance as an alternative. Finally, our main results are sum-
marized in Sec. 5.
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2. Basic equations
We are mainly concerned with the heat generation in a
spin valve driven only by a constant current of density J,
which flows in the z-direction and perpendicular to the layer
plane. [17] In steady state, the time rate of heat generation can
be calculated by using a macroscopic equation like Eq. (6) in
Ref. [6]
σheat =
J+
e
∂µ¯+
∂z
+
J−
e
∂µ¯−
∂z
+
4(∆µ)2
e2
Gmix (1)
where we use σheat to denote the heat-generation rate follow-
ing Ref. [19]. This kind of equation can be derived by using
the Boltzmann equation [6] as well as nonequilibrium thermo-
dynamics [19] in the linear regime. In Eq. (1), J+ (J−) and µ¯+
(µ¯−) are the current density and the electro-chemical potential
in spin-up (down) channel, respectively. The electron-number
currents are given by −J±/e, where −e is the charge of an elec-
tron. Moreover, ∆µ = (µ¯+ − µ¯−)/2 describes the spin accumu-
lation, and Gmix defined by Eq. (5) of Ref. [6] stands for the
associated spin-flip rate.
The first two terms of Eq. (1) can be regarded as the decrease
in the (electrochemical) potential energy current or the heat
generation, in each spin channel. [20] The heat-generation rates
of the two channels are unequal in ferromagnetic (FM) layers
and at spin-selective interfaces. If the two channels cannot ex-
change heat effectively with each other or other heat reservoir,
they may have different temperatures [21]. However, this is be-
yond the scope of the present work and we neglect this effect by
assuming that the two spin channels can exchange energy effec-
tively (the thermalized regime [21]). Then it is more meaning-
ful to write Eq. (1) in terms of J = J+ + J− and Jspin = J+ − J−
like Eq. (12c) of Ref. [6]
σheat =
J
e
∂µ¯
∂z
+
Jspin
e
∂∆µ
∂z
+
∂Jspin
∂z
∆µ
e
(2)
where µ¯ = (µ¯+ + µ¯−)/2 is the average electrochemical potential.
Although each term of σheat has been written as the product of
generalized force and current, which is consistent with the re-
quirement of nonequilibrium thermodynamics, [19] the current-
force pairs in the first two terms of Eq. (2) are not exact pairs
and need to be rewritten in a more appropriate form.
In FM layers, the total current density J does not depend on
position z and thus it is not exactly the current corresponding
to the force ∂µ¯/∂z, which has exponential terms of z. This be-
comes obvious if we sum the ‘±’ components of Eq. (A.4)
F =
1
e
∂µ¯
∂z
= EF0 ±
β
e
∂∆µ
∂z
(3)
in an FM layer with ‘up’ (‘down’) magnetization and bulk spin
asymmetry coefficient β. Here, β and the spin-dependent re-
sistivity ρ↑(↓) [or conductivity σ↑(↓)] satisfy the relation ρ↑(↓) =
1/σ↑(↓) = 2ρ∗F[1 − (+)β]. [17] Note that the subscript “↑” (“↓”)
denotes the majority (minority) spin direction. In Eq. (3), the
effective field F(z) of the FM layers has been separated into the
bulk term EF0 = J(1 − β2)ρ∗F and the exponential term. Mean-
while, the spin current Jspin has a bulk term and thus it is not
exactly the current corresponding to the force ∂∆µ/∂z, which
has only exponential terms. One can see this easily by subtract-
ing the ‘±’ components of Eq. (A.4)
Jspin = ∓βJ + 1eρ∗F
∂∆µ
∂z
(4)
where the FM layer also has ‘up’ (‘down’) magnetization. The
total spin current in Eq. (4), Jspin, has been written as the sum
of a bulk term and an exponential one
Jbulkspin = ∓βJ (5)
Jexpspin =
1
eρ∗F
∂∆µ
∂z
(6)
Therefore, it is necessary to transform the first two terms of
σheat in Eq. (2) into exact current-force pairs. Fortunately, this
desired form can be achieved by simply substituting Eqs. (3)
and (4) into Eq. (2)
σbulkheat + σ
sc
heat = JE
F
0 +
Jexpspin
e
∂∆µ
∂z
(7)
where we have introduced
σscheat =
Jexpspin
e
∂∆µ
∂z
(8)
The first term, σbulkheat = JE
F
0 , in Eq. (7) has become the prod-
uct of a current-force pair and it means the bulk Joule heating.
The second term, σscheat, has also been written as the product of
a current and its corresponding force, and it can be regarded as
the heat generation due to the spin-conserving (sc) scattering.
The reason is that, the gradient of spin accumulation drives a
spin from a position to another one with lower chemical poten-
tial via the spin-conserving scattering, and the excess chemical
potential of the spin leads to heat generation. This can also be
understood by writing this term as the sum of the contributions
from the two spin channels (see Appendix B). The heat gen-
eration due to spin-conserving scattering σscheat did not attract
much attention in the previous studies, such as Refs. [6, 9]. This
mechanism is especially important for the heat generation due
to the interface resistance because the spin-flip scattering is usu-
ally neglected at interfaces. We will look into σscheat in Sec. 3,
and compare it with σsfheat (see below) in typical spin valves.
Next we will rewrite the last term of σheat of Eq. (2) in a form
with more obvious physical interpretation. Subtracting the ‘±’
components of Eq. (A.3) in two different ways, one can derive
∂Jspin
∂z
=
4eNs∆µ
τF(N)sf
=
∆µ
erF(N)l
F(N)
sf
(9)
where rF = ρ∗Fl
F
sf and rN = ρ
∗
Nl
N
sf . In Eq. (9), Ns is the density
of states for spin s and τFsf (τ
N
sf) the spin-flip relaxation time of
the FM (NM) layer. Then using Eq. (9), we can rewrite the last
term of Eq. (2) as
σsfheat = αspinµm (10)
where αspin = µmNs/τsf and µm = 2∆µ. Here αspin describes
the damping rate of the spin accumulation, that is, the number
2
of electrons flipping from spin-up to spin-down states per unit
time per unit volume, which is called the spin flux ψ˙ in Ref. [7].
Thus αspin and µm can also be regarded as a generalized current-
force pair, and σsfheat stands for the heat generation due to the
spin-flip (sf) scattering.
Collecting all the terms, we can then write the rate of heat
generation in FM (NM) layer in the form of Joule’s law
σheat = σ
bulk
heat + σ
sc
heat + σ
sf
heat
= (1 − β2)ρ∗F(N)J2 + ρ∗F(N)
(
Jexpspin
)2
+ ρ∗F(N)
[
∆µ
erF(N)
]2 (11)
where we have rewritten σscheat and σ
sf
heat using Eqs. (6) and (9).
The first term σbulkheat is due to the nominal resistance and exists
no matter whether the current is spin-polarized or not. However,
σscheat and σ
sf
heat rely on the gradients of the spin accumulation
and spin current according to Eqs. (6) and (9), respectively.
Finally, we will discuss the general relation between the spin-
dependent heat generation and the ‘Joule heating’ of the spin-
coupled interface resistance. [6, 17] To this purpose, we write
Eq. (2) as
σheat = JF +
1
e
∂
∂z
(
Jspin∆µ
)
(12)
by using F = (1/e)∂µ¯/∂z. Without loss of generality, we will
consider a segment of a multilayer from zL to zR, which includes
an interface at zC (zL < zC < zR). Integrating Eq. (12) from zL
to zR, we can write the total heat generation in this segment as
Σheat = Σ
L
heat + Σ
C
heat + Σ
R
heat (13)
where
ΣLheat = J∆V
L
0 + J∆V
L
I +
1
e
(
Jspin∆µ
) ∣∣∣∣∣z−C
zL
(14)
ΣCheat =
J
e
[
µ¯(z+C) − µ¯(z−C)
]
+
1
e
(
Jspin∆µ
) ∣∣∣∣∣z+C
z−C
(15)
ΣRheat = J∆V
R
0 + J∆V
R
I +
1
e
(
Jspin∆µ
) ∣∣∣∣∣zR
z+C
(16)
are defined as the integral heat-generation rate for the left layer,
the interface, and the right layer, respectively. In Eqs. (14), ∆VL0
and ∆VLI are defined as
∆VL0 =
∫ zC
zL
EL0 dz = J
(
1 − β2
)
ρ∗L (zC − zL) (17)
∆VLI = Jr
L
SI =
∫ zC
zL
(
F − EL0
)
dz = ±β∆µ(z
−
C) − ∆µ(zL)
e
(18)
where we have used Eq. (3). Similarly, ∆VR0 and ∆V
R
I in (16)
are defined in the regime zC < z < zR. In Eq. (18), we have
defined rLSI as the spin-coupled interface resistance of the left
layer by extending the definition in Ref. [17].
The interface has been treated as a layer with an infinites-
imal thickness in Eq. (15). This approach is equivalent to the
method used in Ref. [6], which is proven in Appendix C. Using
Eqs. (A.21), (A.24), and (A.25), we can rewrite Eq. (15) as
ΣCheat = J∆V
C
0 + J∆V
C
I + Jspin(zC)
∆µ(z+C) − ∆µ(z−C)
e
(19)
where ∆VC0 and ∆V
C
I are defined as
∆VC0 = J(1 − γ2)r∗b (20)
∆VCI = Jr
C
SI = ±γ
∆µ(z+C) − ∆µ(z−C)
e
(21)
In Eq. (21), rCSI is defined as the spin-coupled interface resis-
tance of the interface. The sign ‘+’ (‘−’) in Eq. (21) corre-
sponds to the configuration where the spin-up channel is the
minority (majority) one. Substituting Eq. (19) into Eq. (13), we
have
Σheat = J
(
∆VL0 + ∆V
C
0 + ∆V
R
0
)
+ J
(
∆VLI + ∆V
C
I + ∆V
R
I
)
+
[
Jspin(zR)∆µ(zR) − Jspin(zL)∆µ(zL)
]
/e
(22)
where the first term on the right-hand side is the nominal Joule
heating and the second the ‘Joule heating’ of the spin-coupled
interface resistance. The last term of Eq. (22) disappears once
Jspin∆µ has the same value at zL and zR.
On the other hand, by using Eqs. (3) and (4), one can also
rewrite Eq. (2) as
σheat = JE
F(N)
0 +
1
e
∂
∂z
(
Jexpspin∆µ
)
(23)
where the last term is the sum of σscheat and σ
sf
heat. Then the total
heat-generation rate in the segment zL < z < zR can also be
written as
Σheat = J
(
∆VL0 + ∆V
C
0 + ∆V
R
0
)
+ Σ
spin
heat (24)
where
Σ
spin
heat =
1
e
(
Jexpspin∆µ
) ∣∣∣∣∣z−C
zL
+ Σ
spin,C
heat +
1
e
(
Jexpspin∆µ
) ∣∣∣∣∣zR
z+C
(25)
stands for the spin-dependent part of the total heat generation.
The contribution of the interface can be written as
Σ
spin,C
heat =
1
e
Jsaspin(zC)
[
∆µ(z+C) − ∆µ(z−C)
]
(26)
where Jsaspin(zC) is defined by
Jspin(zC) = ∓γJ + Jsaspin(zC) (27)
One can see that Eq. (27) is similar to Eq. (4). It is also easy to
verify ΣCheat = J∆V
C
0 + Σ
spin,C
heat . Using Eq. (A.24), we can rewrite
Σ
spin,C
heat in the form of Joule’s law
Σ
spin,C
heat = r
∗
b
[
Jsaspin(zC)
]2
(28)
which will be discussed further in Sec. 3.2.
Comparing Eqs. (22) and (24), one can see that Σspinheat is equal
to the ‘Joule heating’ of the spin-coupled interface resistance
Σ
spin
heat = J
[
∆VLI + ∆V
C
I + ∆V
R
I
]
(29)
if the last term of Eq. (22) vanishes, that is,
Jspin(zL)∆µ(zL) = Jspin(zR)∆µ(zR) (30)
In fact, this requirement can be satisfied easily because a mag-
netic multilayer usually has several positions , where Jspin∆µ is
zero. We will discuss rSI in more detail in Sec. 4.
3
3. Heat generation in spin valves
In this section, we will apply the basic equations derived in
Sec. 2 to spin valves with finite NM layer. The insertion of the
NM layer enables us to study more realistically the difference
in heat generation between parallel (P) and antiparallel (AP)
alignments of the two FMs as well as the influence of the NM-
layer thickness on the heat generation. To be specific, we place
the origin of the z-axis at the center of the NM layer. The left
and right FM/NM interfaces are located at z = −d and z =
d, respectively. The two semi-infinite FM layers are made of
the same material with collinear magnetization. The various
quantities in Eq. (11) can be derived according to Valet-Fert
theory [17] and the detailed results are listed in Appendix A.
Substituting these results into Eq. (11), one can get the time rate
of heat generation in the left (‘+’) and right (‘−’) FM layers
σP(AP)heat =
(
1 − β2
)
ρ∗FJ
2 + Σ
F,P(AP)
heat
2
lFsf
exp
±2 (z ± d)
lFsf
 (31)
where
Σ
F,P(AP)
heat =
∫ −d
−∞
[
σsc,P(AP)heat + σ
sf,P(AP)
heat
]
dz = rF
[
αP(AP)F J
]2
(32)
is the spin-dependent part of the integral heat generation in the
left FM layer. The right FM layer has the same contribution
because both σsc,P(AP)heat and σ
sf,P(AP)
heat are even functions about the
origin. The dimensionless parameter αP(AP)F in Eq. (32) will be
determined by boundary conditions in Sec. 3.2.
The heat generation in the NM layer is more complicated and
has to be treated term by term. The bulk term σbulkheat has the same
value σbulkheat = ρ
∗
NJ
2 for either AP or P alignment, and its integral
over the NM layer (−d < z < d) can be regarded as the Joule
heating of the NM-layer nominal resistance 2dρ∗N . For the AP
alignment, the two spin-dependent terms can be written as
σsc,APheat =
2ΣN,APheat
lNsf sinh(2ξ)
sinh2
 z
lNsf
 (33)
σsf,APheat =
2ΣN,APheat
lNsf sinh(2ξ)
cosh2
 z
lNsf
 (34)
where
Σ
N,AP
heat =
∫ 0
−d
(
σsc,APheat + σ
sf,AP
heat
)
dz = rAPN
(
αAPN J
)2
(35)
is the spin-dependent part of the integral heat generation in the
left half of the NM layer. The contribution from the right half is
equal to that from the left half since both σsc,APheat and σ
sf,AP
heat are
even functions. In Eq. (35), rAPN is defined as r
AP
N = rN coth ξ,
where we have ξ = d/lNsf . On the other hand, for the P align-
ment, we have
σsc,Pheat =
2ΣN,Pheat
lNsf sinh(2ξ)
cosh2
 z
lNsf
 (36)
σsf,Pheat =
2ΣN,Pheat
lNsf sinh(2ξ)
sinh2
 z
lNsf
 (37)
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Figure 1: Integral heat generation rate (in unit of ΣN,APheat and Σ
N,P
heat for AP and P
alignments, respectively) in half of the NM layer as a function of the NM-layer
thickness (in unit of lNsf ). The red-solid curve corresponds to the integral heat
generation due to the spin-flip (spin-conserving) scattering in the AP (P) config-
uration, and the black-dashed curve stands for that due to the spin-conserving
(spin-flip) scattering in the AP (P) configuration.
where
Σ
N,P
heat =
∫ 0
−d
(
σsc,Pheat + σ
sf,P
heat
)
dz = rPN
(
αPNJ
)2
(38)
is the spin-dependent part of the integral heat generation in the
left half of the NM layer. Similarly, the right half has the same
contribution due to symmetry. In Eq. (38), rPN is defined as
rPN = rN tanh ξ and the dimensionless parameter α
P(AP)
N will be
determined by boundary conditions in Sec. 3.2.
3.1. Comparison of spin-conserving and spin-flip scattering
Now we are ready to compare the magnitude of σscheat and
σsfheat in two typical situations: a semi-infinite layer and a finite
layer. The spin valve contains both types of layers, namely the
semi-infinite FM layers and the NM layer with a finite thick-
ness. In the FM layers, the spin accumulation decays exponen-
tially on the scale of the spin-diffusion length lsf as shown in
Eqs. (A.5) and (A.13). Without loss of generality, we will con-
sider only the left FM layer (z < −d). Using Eq. (11), one can
easily verify
σsc,P(AP)heat = σ
sf,P(AP)
heat = Σ
F,P(AP)
heat
1
lFsf
exp
2(z + d)
lFsf
 (39)
which shows that the spin-conserving scattering has the same
contribution to the heat generation at any position as the spin-
flip scattering in semi-infinite layers. Thus their integrals from
−∞ to −d are also equal to each other [see Eq. (32)].
As for the finite NM layer, it is more meaningful to compare
the integral heat generation due to the spin-conserving and spin-
flip scattering, denoted by ΣN,scheat and Σ
N,sf
heat , respectively. In the
AP configuration, we have
Σ
N,sc,AP
heat =
∫ 0
−d
σsc,APheat dz =
1 − η
2
Σ
N,AP
heat (40)
Σ
N,sf,AP
heat =
∫ 0
−d
σsf,APheat dz =
1 + η
2
Σ
N,AP
heat (41)
4
where the dimensionless parameter η = 2ξ/ sinh(2ξ) describes
the asymmetry between ΣN,sc,APheat and Σ
N,sf,AP
heat . This becomes
more obvious if one looks at their relative difference (ΣN,sf,APheat −
Σ
N,sc,AP
heat )/Σ
N,AP
heat = η, which decreases from 1 to 0 as ξ varies
from 0 to ∞. Figure 1 shows their variation with the NM
layer thickness 2ξ (in unit of lNsf). In the regime of 2ξ =
2d/lNsf  1, which is practical for experiments, ΣN,sc,APheat /ΣN,APheat
and ΣN,sc,APheat /Σ
N,AP
heat approach 0 and 1, respectively. Therefore,
the spin-dependent heat generation of the NM layer is domi-
nated by the spin-flip scattering in the AP alignment. This fea-
ture can be interpreted as follows. We have z/lNsf  1 in the NM
layer (−d < z < d) if 2d/lNsf  1. This allows us to expand the
spin accumulation ∆µ [see Eq. (A.9)] in terms of z/lNsf and keep
up to the first-order term. The result is a term independent of
position because the first-order term also vanishes. Then Jexpspin
approaches zero because it is proportional to the gradient of ∆µ
according to Eq. (4). Therefore, σsc,APheat approaches zero in this
regime according to Eq. (8).
In the P configuration, the integral heat generation, ΣN,scheat and
Σ
N,sf
heat , can be written similarly as
Σ
N,sc,P
heat =
∫ 0
−d
σsc,Pheatdz =
1 + η
2
Σ
N,P
heat (42)
Σ
N,sf,P
heat =
∫ 0
−d
σsf,Pheatdz =
1 − η
2
Σ
N,P
heat (43)
However, their relative magnitude is switched in comparison to
the AP alignment and the spin-conserving scattering becomes
dominant in the regime 2d/lNsf  1 (see Fig. 1). This behavior
can be understood in a similar way to the AP configuration.
The low-order expansion of spin current Jspin [see Eq. (A.20)]
is independent of position. Then ∆µ approaches zero because
it is proportional to the gradient of Jspin according to Eq. (9).
Therefore, σsf,Pheat approaches zero in this regime according to
Eq. (10).
In the opposite regime, 2ξ = 2d/lNsf  1, the integral heat
generation ΣN,scheat and Σ
N,sf
heat approach the same value for both P
and AP alignments as shown in Fig. 1. This means that the spin-
conserving scattering has the same contribution as the spin-flip
one when the NM-layer thickness becomes much larger than the
spin-diffusion length. The semi-infinite case discussed above is
recovered in the limit of thick layer.
3.2. Boundary conditions and heat generation at interfaces
If the FM/NM interface is an Ohmic contact, the interface
resistance is usually negligible in comparison to the bulk term.
Using the general solutions and boundary conditions without
interface resistance in Appendix A, we can determine the di-
mensionless parameters
αP(AP)F =
βrP(AP)N
rF + r
P(AP)
N
(44)
αP(AP)N =
βrF
rF + r
P(AP)
N
(45)
  
(a)
(b)
(c)
Figure 2: Effective circuits for the spin-dependent heat generation in a spin
valve with AP and P configuration neglecting the interface resistance. (a) In
the AP configuration, the resistance rsfF and r
sc
F have the same value 2rF. The
variable resistances rsc,APN and r
sf,AP
N are defined as 2r
AP
N (1 − η) and 2rAPN (1 +
η), respectively. They vary with the thickness of the NM layer. (b) In the P
configuration, rsfF and r
sc
F are the same as those in (a), while r
sc,P
N and r
sf,P
N are
defined as 2rPN(1 + η) and 2r
P
N(1 − η), respectively. (c) The equivalent circuit of
(a) and (b). The variable effective resistances are defined by Eqs. (71) and (72).
which satisfy the identity αP(AP)F +α
P(AP)
N = β. These parameters
can be interpreted by the effective circuits in Figs. 2(a) and (b).
In the AP configuration shown by Fig. 2(a), the current of
density βJ/2 flows from the spin-down to the spin-up channel
in either half of the spin valve. It models the electron-number
current (spin flux) flowing inversely due to the spin-flip scat-
tering in the FM and NM layers. We have the current density
JAPF = Jα
AP
F /2 and J
AP
N = Jα
AP
N /2 by using simple circuit the-
orem. The heat generation due to the spin-flip scattering in the
FM layer and either half of the NM layer is modeled by the
Joule heating of resistances rsfF and r
sf,AP
N , respectively. Sim-
ilarly, the resistances rscF and r
sc,AP
N model the heat generation
due to the spin-conserving scattering. One can easily recover
Eqs. (32), (40), and (41) by applying Joule’s law to the circuit.
In the P configuration as shown by Fig. 2(b), the current of
density βJ/2 flows from the spin-down to the spin-up channel
in the left half of the spin valve, which is similar to the AP
configuration. However, the current of density βJ/2 flows in-
versely in the right half of the spin valve because the sign of the
spin accumulation and associated spin relaxation is switched in
this half. One can find the current density JPF = Jα
P
F/2 and
JPN = Jα
P
N/2 from the circuit. Then one can recover Eqs. (32),
(42), and (43) by applying Joule’s law to the circuit. Moreover,
we also constructed an equivalent circuit, shown in Fig. 2(c), for
the circuits in Figs. 2(a) and (b). The equivalent circuit has the
same heat generation as the original one. However, the current
density passing the equivalent circuit is the total current density
J instead so that it can be connected in series with the nominal
resistances (not shown in the figure).
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If the interface resistance has to be taken into account, the
dimensionless parameters can be determined similarly
αP(AP)F =
β
[
rP(AP)N + r
∗
b
]
− γr∗b
rF + r∗b + r
P(AP)
N
(46)
αP(AP)N =
βrF + γr∗b
rF + r∗b + r
P(AP)
N
(47)
which still satisfy the identity αP(AP)F + α
P(AP)
N = β. Equations
(44) and (45) can be recovered if r∗b is neglected in Eqs. (46)
and (47).
According to Eq. (28), we can write the spin-dependent heat
generation due to the left interface resistance as
Σ
C,P(AP)
heat (−d) = r∗b
[
Jsa,P(AP)spin (−d)
]2
(48)
where the spin-up electrons are in the minority channel for both
P and AP configuration, and Jsa,P(AP)spin (−d) is defined by Eq. (27).
To show the meaning of this result, we consider the current den-
sity driven by the electric field (ef) alone
Jef± (−d) =
1 ∓ γ
2
J (49)
where J passes through r+ = 2r∗b(1 + γ) and r− = 2r
∗
b(1 − γ) in
parallel. One can easily verify that the nominal heat generation
due to the interface resistance, [Jef+ (−d)]2r+ + [Jef− (−d)]2r−, is
given by J∆V0 [see Eq. (20)]. The spin current resulting from
the electric field alone is Jef,P(AP)spin = J
ef
+ (−d) − Jef− (−d) = −γJ.
The spin current due to the change of spin accumulation (sa)
across the interface is the difference between JP(AP)spin (−d) and
Jef,P(AP)spin (−d), that is, Jsa,P(AP)spin (−d) = JP(AP)spin (−d) + γJ already
used in Eq. (48). The spin-dependent heat generation is solely
caused by the spin-conserving scattering in the presence of spin
accumulation change across the interface because the spin-flip
scattering is neglected.
Similarly, the spin-dependent heat generation at the right in-
terface can be written as
Σ
C,P(AP)
heat (d) = r
∗
b
[
JP(AP)spin (d) + (−)γJ
]2
(50)
where the spin-up channel is the minority (majority) one in P
(AP) alignment. Substituting JP(AP)spin (±d) into Eqs. (48) and (50),
we can also write the spin-dependent heat generation at each
interface as
Σ
C,P(AP)
heat (±d) = r∗b
[
αP(AP)C J
]2
(51)
where
αP(AP)C = γ − αP(AP)N =
γ
[
rF + r
P(AP)
N
]
− βrF
rF + r∗b + r
P(AP)
N
(52)
is also a dimensionless parameter.
4. Relation to the spin-coupled interface resistance
This section will give a specific discussion on the relation be-
tween the spin-dependent heat generation and the ‘Joule heat-
ing’ of the spin-coupled interface resistance rSI in the spin
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Figure 3: The spin-dependent heat generation (blue-solid curve) and the extra
field (red-dashed curve) as functions of position z in a spin valve with AP con-
figuration. The two FM layers are made of Co (ρ∗F = 86 nΩ m, l
F
sf = 59 nm,
β = 0.5) and the NM layer of Cu (rN = 7 nΩ m, lNsf = 450 nm). The thickness of
the NM layer is 20 nm and the interface resistance is neglected for simplicity.
valves. We will show the validity and limitation of rSI in de-
scribing the heat generation, and then introduce effective resis-
tance as an alternative.
4.1. Validity of the spin-coupled interface resistance
The spin-coupled interface resistances can be calculated by
using Eqs. (18) and (21). Substituting Eqs. (A.8), (A.12), and
(A.16) into Eq. (18), we have
rF,P(AP)SI = βrFα
P(AP)
F (53)
rN,P(AP)SI = 0 (54)
where rF,P(AP)SI is for either of the two FM layers and r
N,P(AP)
SI for
the NM layer. Substituting (A.24) into Eq. (21) and using Eq.
(52), we can write rSI due to the interface as
rC,P(AP)SI = γr
∗
bα
P(AP)
C (55)
which has the same value at the two interfaces of the spin valve.
One may be tempted to interpret the spin-dependent heat
generation as the Joule heating of the spin-coupled interface re-
sistance. According to Eq. (30), this is possible only if Jspin∆µ
has the same value at the two ends of the segment under con-
sideration. The spin valve has at least three points satisfying
this requirement: z = ±∞ and z = 0. [17] Thus Joule’s law is
valid (at least) in the following three segments: −∞ < z < 0,
0 < z < ∞, and of course −∞ < z < ∞. To be specific, we
will consider the left half (−∞ < z < 0) of the spin valve. By
using Eq. (29), we can write formally the spin-dependent heat
generation as the Joule heating of the corresponding rSI
Σ
spin,P(AP)
heat = J
2
[
rF,P(AP)SI + r
C,P(AP)
SI
]
(56)
where we have used rN,P(AP)SI = 0. Note that this result does
not hold for arbitrary segment and rSIJ2 cannot be regarded as
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the heat generation either because it may be negative in certain
situation. Its real meaning will be discussed in the following.
We will focus on the left half of the spin valve and consider
only the P alignment without loss of generality. Substituting
Jspin = −βJ + Jexpspin into Eq. (13), we have
Σheat = J
(
∆VF0 + ∆V
C
0 + ∆V
N
0
)
+ J
(
∆VFI + ∆V
C
I
)
− ∆Ecp + Σspin,Pheat
(57)
where we have introduced
∆Ecp =
βJ
e
∆µ(z−C) +
γJ
e
[
∆µ(z+C) − ∆µ(z−C)
]
(58)
and
Σ
spin,P
heat =
Jexpspin(z
−
C)
e
∆µ(z−C) −
Jexpspin(z
+
C)
e
∆µ(z+C)
+
γJ + Jspin(zC)
e
[
∆µ(z+C) − ∆µ(z−C)
] (59)
Using Eqs. (A.21), (A.22), and (A.24), one can easily verify
that Eq. (59) is the spin-dependent heat generation defined in
Eqs. (25) and (56). Note that Jexpspin is discontinuous at the inter-
face located at z = zC although Jspin is continuous. Comparing
Eqs. (24) and (57), one has
J
(
∆VFI + ∆V
C
I
)
= ∆Ecp (60)
which is valid in arbitrary segment of the spin valve. More
specifically, we also have
J∆VFI =
βJ
e
∆µ(z−C) (61)
J∆VCI =
γJ
e
[
∆µ(z+C) − ∆µ(z−C)
]
(62)
where Eqs. (18) and (21) have been used. On the other hand,
using Eq. (56) and J
(
∆VFI + ∆V
C
I
)
= J2
[
rF,PSI + r
C,P
SI
]
, we also
have
Σ
spin,P
heat = ∆Ecp (63)
However, this relation is valid only if Jspin∆µ has the same value
at the two terminals of the segment. Therefore, J(∆VFI + ∆V
C
I )
is more closely related to ∆Ecp than Σ
spin,P
heat . It is crucial to figure
out the meaning of J(∆VFI + ∆V
C
I ) and ∆Ecp.
According to the definition of ∆VFI [see Eq. (18)], J∆V
F
I
should be regarded as the work done by the extra field, which
is dominated by the electrostatic field. [18] We stress that this
work may be negative when the interface resistance is included.
To show this feature, we rewrite J∆VFI as
J∆VFI = βrFα
P
FJ
2 (64)
where αPF is given by Eq. (46). By choosing the various param-
eters properly, one can make αPF negative. Then r
F,P
SI = ∆V
F
I /J
also becomes negative and so it is ill-defined. Similarly, J∆VCI
stands for the work done by the extra field across the interface
and it may also be negative. Using Eq. (52), we have
J∆VCI = γr
∗
bα
P
CJ
2 (65)
where αPC may be negative if the various parameters are chosen
properly. Then rC,PSI = ∆V
C
I /J also becomes negative. There-
fore, J(∆VFI + ∆V
C
I ) should be regarded as the work done by
the extra field instead of the Joule heating of the spin-coupled
interface resistance although they are equal in some special seg-
ments, for example, Σspin,Pheat = J
2rF,PSI + J
2rC,PSI in the left half of
the spin valve.
To show the meaning of ∆Ecp, we rewrite its first term as
βJ
e
∆µ(z−C) =
Jbulk+
−e
[
µ+(z−C) − µ0
]
+
Jbulk−
−e
[
µ−(z−C) − µ0
]
(66)
where µ0 is the equilibrium chemical potential and µ± the chem-
ical potential for spin s = ±, respectively. We have used the
quasi-neutrality approximation, µ+(z−C) +µ−(z
−
C)− 2µ0 = 0, [18]
when deriving Eq. (66). The two terms on the right-hand side of
Eq. (66) stand for the change of energy stored in the chemical-
potential imbalance per unit time in the two spin channels, re-
spectively, when the bulk electron-number current flows from
z−C to −∞. The reasonable source of the net energy change is
the work done by the extra field in the FM layer according to
Eq. (61). Similarly, the second term of ∆Ecp can be written as
γJ
e
[
∆µ(z+C) − ∆µ(z−C)
]
=
Jef+ (zC)
−e δµ+ +
Jef− (zC)
−e δµ− (67)
where we have introduced δµ± = µ±(z+C) − µ±(z−C) and used the
quasi-neutrality approximation. The two terms on the right-
hand side of Eq. (67) can be regarded as the change of energy
stored in chemical-potential imbalance of the two spin chan-
nels, respectively, when the current driven by the electric field
alone traverses the interface. This energy change is supplied by
the extra field at the interface according to Eq. (62).
The physical process can be summarized as follows. The
spin-dependent heat generation due to the spin-conserving and
spin-flip scattering leads to the dissipation of energy stored in
the chemical-potential splitting in every layer of the spin valve
including the FM layers, the interface, and the NM layer. Then
this change of the chemical-potential energy is compensated by
the work of the extra electric field in the FM layer and at the
interface. However, the compensation process does not happen
in the NM layer since there is no extra field in this layer.
4.2. Effective resistance
The spin-dependent heat generation in each individual layer
cannot be interpreted as Joule heating of rSI in this layer. This is
easy to see if we consider the NM layer. It has a spin-dependent
heat generation but no contribution to rSI according to Eq. (54).
Similar analysis shows that this result is also true in other lay-
ers and at interfaces. Moreover, rF,P(AP)SI and r
C,P(AP)
SI in Eqs. (53)
and (55) can be negative when αP(AP)F and α
P(AP)
C are negative ac-
cording to Eqs. (46) and (52). Therefore, it is necessary to find
an alternative to rSI if one hopes to describe the heat generation
of a single layer with Joule’s law. Using Eqs. (32), (35), (38),
and (51), we can write the spin-dependent part of the integral
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Figure 4: The spin-dependent part of the integral spin-dependent heat genera-
tion (in unit of ΣF,APheat ) in the FM and NM layers as functions of the NM-layer
thickness (in unit of lNsf ). We used the same parameters as those of Fig. 3.
heat generation in each layer as
Σ
F,P(AP)
heat = J
2r∗F,P(AP) (68)
Σ
N,P(AP)
heat = J
2r∗N,P(AP) (69)
Σ
C,P(AP)
heat = J
2r∗C,P(AP) (70)
where we have introduced the effective resistances
r∗F,P(AP) = rF
[
αP(AP)F
]2
(71)
r∗N,P(AP) = r
P(AP)
N
[
αP(AP)N
]2
(72)
r∗C,P(AP) = r
∗
b
[
αP(AP)C
]2
(73)
for one FM layer, half of the NM layer, and one FM/NM
interface, respectively. The effective resistances r∗F,P(AP) and
r∗N,P(AP) can be understood by constructing an equivalent circuit
as shown in Fig. 2(c). Comparing Eqs. (56) with the sum of
Eqs. (68), (69), and (70), we have
rP(AP)SI = r
∗
F,P(AP) + r
∗
N,P(AP) + r
∗
C,P(AP) (74)
where we also have rP(AP)SI = r
F,P(AP)
SI + r
C,P(AP)
SI . Two resistances
have been introduced for each layer: the effective resistance
and the spin-coupled interface resistance. In general, they are
not equal to each other in a single layer or at an interface. The
most obvious example is the NM layer, where r∗N,P(AP) has a
finite value whenever d , 0 while rNSI is always zero.
Figure 4 shows the quantitative results for the integral heat
generation without interface resistance. The curves can also
be regarded as the variation of the effective resistances defined
in Eqs. (71) and (72) since they are proportional to the integral
heat generation. In the regime 2ξ  1, ΣF,APheat approaches a posi-
tive constant J2β2rF, while ΣF,Pheat, Σ
N,AP
heat , and Σ
N,P
heat approach zero.
This behavior indicates the existence of the magneto-heating
effect: different heat generation in P and AP configurations. In
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Figure 5: The variation of the integral spin-dependent heat generation (in unit
of ΣF,APheat ) with the NM-layer thickness (in unit of l
N
sf ) for the AP alignment. The
solid and dash-dot lines are for the FM1 layer and the left half of the NM layer
as in Fig. 4. The contribution of the interface resistance (r∗b = 2rF and γ = 0.6)
is shown by the dash-dot-dot line.
the limit of 2ξ → ∞, the difference between P and AP align-
ments disappears. The limits of the heat generation in the FM
and NM layers depend on rF and rN. If rF is equal to rN, all
the curves approach the same limit. Moreover, under the condi-
tion rF = rN, we also have ΣN,APheat = Σ
N,P
heat for arbitrary NM-layer
thickness according to Eqs. (35) and (38).
When the interface resistance is taken into account, the spin-
dependent part of the integral heat generation exhibits several
important features as shown in Fig. 5. The contribution of the
FM layer may decrease to zero if the NM-layer thickness in-
creases to a certain value. Then we have αAPF = 0 according to
Eq. (32) and the spin accumulation disappears together with the
additional field in the FM layer. In this case, the loss of potential
energy due to heat generation can only be compensated by the
additional field at the interface. Moreover, the contribution of
the NM layer may exceed that from the FM layer even when 2ξ
is small enough that the magneto-heating effect is still remark-
able. This indicates the possibility of allocating heat generation
in different layers by engineering the interface resistance.
5. Conclusions
Our analytical results show that the spin-dependent heat gen-
eration is due to two mechanisms: the spin-flip and spin-
conserving scattering. In the presence of spin accumulation,
heat is generated when electrons undergo transitions between
the two spin channels with different chemical potential via the
spin-flip scattering. On the other hand, with the existence of
spin accumulation gradient, spin-conserving scattering can also
lead to heat generation when electrons move to positions with
lower chemical potential in the same spin channel. The two
mechanisms have equal contributions in semi-infinite layers.
However, in the NM layer of a thickness much shorter than
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its spin-diffusion length, the spin-dependent heat generation is
dominated by the spin-flip scattering in the AP configuration,
and by the spin-conserving scattering in the P configuration.
We proved in general that the spin-dependent heat generation
is equal to the ‘Joule heating’ of the spin-coupled interface re-
sistance (rSI) only in some special segment. The concept of rSI
has another limitation: it may be negative in some cases when
it is defined in an individual layer. Therefore, J2rSI should be
interpreted as the work done by the extra field in the FM lay-
ers and at interfaces instead of Joule heating. It converts into
the energy stored in the chemical-potential splitting, which in
turn compensates the spin-dependent energy dissipation in all
the layers including the NM layer. Effective resistances and as-
sociated circuits are also introduced to overcome the limitation
of rSI in describing heat generation.
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Appendix A. General Expression
The current density Js and electrochemical potential µ¯s =
µs − eV of the two spin channels, s = ±, satisfy the following
equations
e
σs
∂Js
∂z
=
µ¯s − µ¯−s
l2s
(A.1)
Js =
σs
e
∂µ¯s
∂z
(A.2)
where σs and ls denote the conductivity and spin-diffusion
length for spin s, respectively. [17] These two equations can
be transformed into
e
σ±
∂J±
∂z
= ±2∆µ
l2±
(A.3)
J± = σ±
(
F ± 1
e
∂∆µ
∂z
)
(A.4)
where ∆µ = (µ¯+ − µ¯−)/2 and F = (1/e)∂µ¯/∂z. Solving these
equations for the spin valve considered in Sec. 3, we can write
µ¯± (z), J± (z) and F (z) in terms of ∆µ. For the AP configuration,
the magnetization direction is “up” in the left FM layer (FM1)
and “down” in the right FM layer (FM2). In the FM1 layer
(z < −d), we have
∆µ(z) = erFαAPF J exp
[
(z + d)/lFsf
]
(A.5)
µ¯± (z) = eEF0 z + K
A
1 ± (1 ± β) ∆µ (A.6)
J± (z) = (1 ∓ β) J2 ±
∆µ
2erF
(A.7)
F (z) = EF0 +
β∆µ
elFsf
(A.8)
In the NM layer (−d < z < d), we have
∆µ(z) = erAPN α
AP
N J cosh(z/l
N
sf)/ cosh ξ (A.9)
µ¯± (z) = eEN0 z + K
B
1 ± ∆µ (A.10)
J± (z) =
J
2
± 1
2eρ∗N
∂∆µ
∂z
(A.11)
F (z) = EN0 (A.12)
where EN0 = ρ
∗
NJ. In the FM2 layer (z > d), we have
∆µ(z) = erFαAPF J exp
[
−(z − d)/lFsf
]
(A.13)
µ¯± (z) = eEF0 z + K
C
1 ± (1 ∓ β) ∆µ (A.14)
J± (z) = (1 ± β) J2 ∓
∆µ
2erF
(A.15)
F (z) = EF0 +
β∆µ
elFsf
(A.16)
Using these equations, one can easily derive
Jspin = ∓βJ ± ∆µerF (A.17)
for the FM1 (FM2) layer, and
Jspin =
1
eρ∗N
∂∆µ
∂z
= αAPN J sinh(z/l
N
sf)/ sinh ξ (A.18)
for the NM layer.
In the P configuration, both FM1 and FM2 layers have “up”
magnetization. The expressions of the various quantities can be
derived similarly and thus we only list some results that will be
referred to in the previous sections. In the NM layer, we have
∆µ(z) = −erPNαPNJ sinh(z/lNsf)/ sinh ξ (A.19)
Jspin = −αPNJ cosh(z/lNsf)/ cosh ξ (A.20)
Note that Jspin has only exponential part in the NM layer.
The dimensionless parameters αP(AP)F and α
P(AP)
N are given in
Sec. 3.2.
The current density and electrochemical potential satisfy the
boundary conditions at an interface located at z = zC
Js
(
z+C
)
− Js
(
z−C
)
= 0 (A.21)
δµ¯s(zC) = µ¯s
(
z+C
)
− µ¯s
(
z−C
)
= ersJs (zC) (A.22)
where the spin-dependent interface resistance rs can be written
as
r↑(↓) = 2r∗b
[
1 − (+) γ] (A.23)
Here, γ is the interfacial asymmetry coefficient and ↑ (↓) de-
notes the majority (minority) spin channel. Subtracting the ‘±’
components of Eq. (A.22), we have
∆µ(z+C) − ∆µ(z−C) = eJacspin(zC)r∗b = e
[
Jspin(zC) ± γJ
]
r∗b (A.24)
where we have used Eq. (27). The sign ‘+’ (‘−’) corresponds to
the configuration in which the spin-up channel is the minority
(majority) one. On the other hand, summing the ‘±’ compo-
nents of Eq. (A.22), we have
µ¯(z+C) − µ¯(z−C) = eJ(1 − γ2)r∗b ± eγ
[
Jspin(zC) ± γJ
]
r∗b (A.25)
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Appendix B. Heat generation due to spin-conserving scat-
tering
The first two terms of Eq. (1) can also be rewritten in the
following way. The current density Js and the electro-chemical
potential µ¯s can be separated into bulk and exponential terms
J± = Jbulk± + J
exp
± (B.1)
∂µ¯±
∂z
=
∂µ¯bulk±
∂z
+
∂µ¯
exp
±
∂z
(B.2)
Moreover, the bulk and exponential components satisfy the fol-
lowing relations
Jexp+ + J
exp
− = 0 (B.3)
∂µ¯bulk+
∂z
=
∂µ¯bulk−
∂z
(B.4)
The sum of the first two terms in Eq. (1) can be written as
J+
e
∂µ¯+
∂z
+
J−
e
∂µ¯−
∂z
=
J2
σ+ + σ−
+
Jexp+
e
∂µ¯
exp
+
∂z
+
Jexp−
e
∂µ¯
exp
−
∂z
(B.5)
Then using µ¯s (z) = µs (z) − eV (z), we have
∂µ¯
exp
±
∂z
=
∂µ
exp
±
∂z
+ eFexp (B.6)
Finally, the last two terms of Eq. (B.5) can expressed by the
chemical potential
Jexp+
e
∂µ¯
exp
+
∂z
+
Jexp−
e
∂µ¯
exp
−
∂z
=
Jexp+
e
∂µ
exp
+
∂z
+
Jexp−
e
∂µ
exp
−
∂z
(B.7)
which is the two-channel form of Eq. (8).
Appendix C. Heat generation due to interface resistance
The heat generation due to interface resistance is only caused
the spin-conserving scattering and can be calculated by simply
summing the two spin channels [6]
ΣCheat =
[
J+ (zC) δµ¯+ + J− (zC) δµ¯−
]
/e, (C.1)
where δµ¯s = µ¯s(z+C) − µ¯s(z−C) is the change in electrochemical
potential across the (infinitesimally thin) interface. Substituting
the boundary conditions, Eq. (A.22), into Eq. (C.1), we have
ΣCheat = J
2
+ (zC) r+ + J
2
− (zC) r− (C.2)
which is just Joule’s law in the two-channel manner. It is more
meaningful to write it in terms of J and Jspin
ΣCheat = J∆V
C
0 + Σ
spin,C
heat (C.3)
where ∆VC0 and Σ
spin,C
heat are defined in Eqs. (20) and (28), respec-
tively.
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